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A class of ``absolutely continuous functions'' of n variables is introduced. The
absolute continuity implies continuity, weak differentiability with gradient in Ln,
differentiability almost everywhere, area, coarea and degree formulae. This gives a
unified approach to some previously known conditions for the mentioned results
based on monotonicity, finite dilatation or higher integrability of the gradient.
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1. INTRODUCTION
Among basic properties of absolutely continuous functions on a one
dimensional interval we could mention continuity, differentiability almost
everywhere, integration by parts, weak differentiability and formula on
change of variables. The property of absolute continuity has been general-
ized to more variables in many ways; let us mention absolutely continuous
w x w xfunctions in the sense of Banach or in the sense of Tonelli, cf. 31 , 27 .
w xThe class of all absolutely continuous functions on an interval a, b ; R
1, 1Žw x.coincides with the Sobolev space W a, b . The counterpart of
1, 1Žw x.W a, b in the n-dimensional setting is problematic. It might be
1, 1Ž . 1, nŽ .W V but also W V . The validity of properties like continuity,
differentiability a.e. and change of variables in W 1, p-spaces depends on the
1, pŽ .exponent p. The functions in W V are continuous and a.e. differen-
w xtiable if p ) n. The continuity for p ) n is due to Tonelli 35 and Morrey
w x w x w x23 , and differentiability a.e. to Cesari 4 and Calderon 3 . ConcerningÂ
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the change of variables through W 1, p-transformations, p ) n is again
w xenough, which is a result by Marcus and Mizel 21 .
In contrast with n s 1, the above mentioned results are not valid in the
1, nŽ .borderline case p s n ) 1. It is well known that functions in W V may
be nowhere continuous and nowhere differentiable. The optimal condition
for differentiability a.e. in terms of integrability of the gradient has been
w xfound by Stein 32 ; see Remark 4.2. Also the change of variable formula is
1, nŽ . 1, 1Ž .not valid in the full generality of W V . It holds for w g W V if
and only if w has the N-property, which means that the image of every set
of zero measure is also of zero measure. A continuous mapping in
1, nŽ n. w xW V, R may not have the N-property; an example is due to Cesari 5 .
w x w xWe refer to Maly and Martio 19 and Martio and Ziemer 22 for theÂ
discussion when the N-property holds for W 1, n-mappings.
Ž .The situation is better for pseudo monotone mappings. The class of
w x 1, nmonotone mappings was introduced by Lebesgue 16 . If w g W is
Ž .spherically pseudo monotone, then w is continuous and a.e. differen-
w xtiable. These properties are proved in 29 , II.4.3. Also the N-property
1, nŽ n.holds for pseudomonotone mappings in W V; R , see Maly and MartioÂ
w x 1, n19 . It is essential that the mapping is both ``monotone'' and W ; for any
p - n there are homeomorphic mappings in W 1, p without the N-property;
w xan example is due to Ponomarev 26 . Nevertheless, for good behavior of
``monotone'' mappings, the condition that u g W 1, n may be weakened;
Ï w x w x w xsee Sverak 34 . Manfredi 20 , Muller, Tang and Yan 25 , Fonseca andÂ È
w xGangbo 9 .
w xGol'dstein and Vodopyanov 12 showed that mappings with finite dilata-
tion are continuous and monotone. A simpler proof has been given by
w x ŽManfredi 20 . The result applies also to quasiregular mappings. Re-
w x .shetnyak 28 proved that quasiregular mappings are even open .
In this paper we introduce a class of functions of n-variables based on
one way of adaptation of the usual «-d definition of absolute continuity to
the n-dimensional situation. The class is, roughly speaking, between
1, nŽ . 1, pŽ . ŽW V and the union over p ) n of the spaces W V at least
. 1, plocally , and shares the good properties with W -spaces, p ) n. The class
1, nŽ .also includes pseudomonotone mappings in W V .
We say that a mapping w : V “ Rd is n-absolutely continuous if for each
Ž .  4« ) 0 there is d s d « ) 0 such that for each disjoint finite family B ofi
closed balls in V we have
n
nL B - d « osc w - « .Ž .Ý Ýi ž /
Bii i
Clearly, any n-absolutely continuous mapping is continuous and n-ab-
Ž .solute continuity of a mapping w s w , . . . , w is equivalent to n-absolute1 d
continuity of each function w , i s 1, . . . , d.i
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To compare with the absolute continuity in the sense of Banach, roughly
Ž Ž ..speaking, we use the nth power of diam w B instead of the measure of
Ž .w B . This allows us to consider the notion with an arbitrary target
dimension d and derive properties unrelated to the area formula, like
differentiability properties.
We begin our study of n-absolutely continuous mappings by a sufficient
Ž .condition, which we call the Rado]Reichelderfer condition RR , in Theo-
Ž . Ž .rem 3.1. The condition RR would be equivalent to the F, D condition
w x Žin 27 , V.3.6. when changing balls to cubes which is an immaterial
. w xdifference . Notice that it is shown by Rado and Reichelderfer in 27 that
Ž .the mappings with the F, D condition are a.e. differentiable and satisfy
Ž .the Lusin condition N , which are probably the closest known results to
the main results of this paper.
In Theorem 3.2 we show that n-absolutely continuous functions are
differentiable in the sense of distributions. In Theorem 3.3 we prove that
they are a.e. differentiable.
In Theorems 3.4 and 3.6 we generalize Federer's change of variable
theorems, based on area and coarea formula, to n-absolutely continuous
mappings. The Lipschitz versions of the theorems have been given by
w x w xFederer 7 , Sec. 3.2. It has been already pointed out by Federer 7 in 3.2.1
that the theorems hold under much weaker assumptions, namely, that we
integrate over the set where w is approximately differentiable and we use
the approximate Jacobian which is supposed to be locally integrable. Also,
weakly differentiable transformations are a.e. approximately differentiable
Žw x .7 , Th. 4.5.9 . Now, it remains to take care how the images of sets of
Žmeasure zero look. This is also the main point in our proofs. In particular,
it follows from Theorem 3.4 that n-absolutely continuous mappings to Rn
Ž . .satisfy the Lusin condition N . For some recent general results on
change of variable and coarea formulae we refer to Alberti and Ambrosio
w x w x w x w x w x1 , Giaquinta, Modica and Soucek 10 , Hajlasz 13 , 14 , Maly 17 , MullerÏ Â È
w x w xand Spector 24 , Muller, Tang, and Yan 25 , and the book by Fonseca andÈ
w xGangbo 9 .
As a consequence of the formula in Theorem 3.4 we obtain the degree
Ž .formula Corollary 3.5 for n-absolutely continuous mappings. Standard
w x w x w xreferences to change of variables via degree are 11 , 27 , and 29 ; the
w xrecent stage of the development is nicely presented in 9 .
Some properties of n-absolutely continuous functions hold more gener-
Ž .ally for functions which have locally bounded n-variation. We give the
definition below in Section 3.
1, pŽ . ŽIn Section 4 we prove that functions from W V , p ) n Theo-
. 1, nŽ .rem 4.1 and spherically pseudomonotone functions from W V
Ž . Ž .Theorem 4.3 satisfy at least locally the condition from Theorem 3.1.
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For the convenience of the reader we also include a simple proof of the
Ž .spherical version of the Gol'dstein]Vodopyanov theorem Theorem 4.4
saying that mappings with finite dilatation are spherically monotone. The
w xproof is based on the approach by Manfredi 20 . We need to give the
proof here to show at which step the continuous representatives appear.
w xIn a subsequent paper with Kauhanen and Koskela 15 we prove that
n, 1Ž .functions with derivatives in the Lorentz space L V are n-absolutely
continuous; see also Remark 4.2. This improves Theorem 4.1 and reviews
w xthe sharp result by Stein 32 on differentiability a.e.
2. PRELIMINARIES
We denote by L m the m-dimensional Lebesgue measure and by H k
the k-dimensional Hausdorff measure. Recall that the construction of the
w xk-dimensional Hausdorff measure, cf., e.g., 36 , 1.4., employs a scale of
kŽ .outer measures which are usually denoted as H E .«
Throughout the paper we consider an open set V ; Rn. We denote by
Ž .B x, r the closed m-dimensional ball with the center x and diameter r.m
We omit the subscript if m s n.
If w : V “ Rd is a mapping, x g V and E ; V, we write
w y y w xŽ . Ž .
lip w , x s lim sup .Ž .
< <y y xy“x
Ž .We denote by osc w the oscillation of w over the ball B x, r ,BŽ x, r .
Ž Ž ..which is the diameter of the image w B x, r . Similarly we define oscilla-
tion over a sphere.
d Ž .Let w : V “ R be a mapping. We denote by w9 x the Jacobi matrix of
all partial derivatives of w at x. We say that w is differentiable at x if
w y y w x y w9 x y y xŽ . Ž . Ž . Ž .
lim s 0
< <y y xy“x
Ž .We use the notation =w for the weak distributional derivative. If 1 F
nd 4 Ž . Ž . Ž .m F min n, d , we denote by J w x the matrix with rows andm mm
Ž .columns of all m = m minors subdeterminants of the Jacobi matrix
Ž .w9 x . We omit the subscript if m s n.
We use the convention that C denotes a generic constant which may
change from line to line.
Now, for the convenience of the reader we state here the covering
w xtheorems that we want to use. For proofs we refer, e.g., to 6 , Sec. 1.5 or
w x36 , Sec. 1.3.
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Ž . nTHEOREM 2.1 Vitali . Let B be an arbitrary family of closed balls in R
with
 4sup diam B : B g B - ‘.
Ž .  Ž .4Then there exists a disjoint at most countable subsystem B x , r ; Bi i i
such that
B ; B x , 5r .Ž .D D i i
i
Ž .THEOREM 2.2 Besicovitch . There exists a positi¤e integer N depending
only on n with the following property: if r is a bounded strictly positi¤e function
on a set E ; Rn, then there are sets A , . . . , A ; E such that1 N
N
E ; B x , r xŽ .Ž .D D
is1 xgAi
and for each i s 1, . . . , N the system
B x , r x : x g A 4Ž .Ž . i
is disjoint.
3. PROPERTIES OF ABSOLUTELY
CONTINUOUS MAPPINGS
Given a function w : V “ Rd and an open set G ; V, we define the
n-variation of w on G by
n
 4V w , G s sup osc w : B is a disjoint family of balls in G .Ž . Ýn iž /½ 5Bii
Ž .If n ) 1, V w, ? is not subadditive. We say that w has a boundedn
Ž . nŽ .n-¤ariation in V if V w, V - ‘. We denote by BV V the class of alln
functions with bounded n-variation, with the seminorm
1rn
n5 5w s V w , V .Ž .Ž .BV ŽV . n
nŽ .Also we define the space AC V as the family of all absolutely continu-
nŽ . nŽ . nŽ .ous functions in BV V . It is easy to see that BV V l L V is a
nŽ . nŽ .Banach space and that AC V l L V is its closed linear subspace. We
n Ž .use the notation AC V for the family of functions which are locallyloc
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n Ž .n-absolutely continuous and BV V for functions which are locally ofloc
n Ž . n Ž .bounded n-variation. Obviously AC V ; BV V .loc loc
Ž . ŽWe say that a function w on V satisfies the condition RR which is an
. 1Ž .abbreviation for ``Rado]Reichelderfer'' if there is a function f g L V ,
called a weight, such that
n
osc w F f dyHž /
Ž . Ž .B x , r B x , r
Ž . Ž .for every ball B x, r ; V. A condition similar to RR was used by Rado
w xand Reichelderfer 27 as a sufficient condition for the area formula
and for differentiability a.e. We show that it easily implies n-absolute
continuity.
Ž Ž ..THEOREM 3.1 Condition RR . Let w be a function on V satisfying the
Ž . 1Ž . nŽ .condition RR with a weight f g L V . Then w g AC V and
5 5V w , V F f . 3.1Ž . Ž .1n
Proof. Choose an « ) 0 and find a d ) 0 such that for each measur-
able set E ; V we have
L n E - d « f dx - « .Ž . H
E
Then d has obviously the property required in the definition of n-absolute
Ž .continuity. The property 3.1 is also easily verified.
In the rest of this section we investigate properties of n-absolutely
continuous functions and mappings.
Ž . n Ž .THEOREM 3.2 Weak Differentiability . If n G 2, then BV V ;loc
1, nŽ .W V .loc
nŽ n.Proof. First we assume that w g BV R . Let c be a sequence ofk
Ž .mollifying kernels such that c has its support in B 0, 1r6 and1
c x s k nc kx .Ž . Ž .k 1
Let Z be the set of all points z such that kz has integer coordinates andk




= c )wŽ .Ý H k
Ž .B yqz , 1r6 kzgZ k
n
s =c j w x y j y w x dj dxŽ . Ž . Ž .Ž .Ý H H k
Ž . Ž .B yqz , 1r6 k B 0, 1r6 kzgZ k
n
nq1F C k w x y j y w x dj dxŽ . Ž .Ý H Hž /Ž . Ž .B yqz , 1r6 k B 0, 1r6 kzgZ k
n
nF C osc w F CV w , R .Ž .Ý nž /
Ž .B yqz , 1r3kzgZ k
Ž .Now, integrating over y g B 0, 2nrk and using elementary covering prop-
erties of Rn we obtain
n
= c )w dxŽ .H k
nR
nF = c )w x dxŽ . Ž .Ý H k
Ž .B z , nrkzgZ k
nnF Ck = c )w x dx dyŽ . Ž .Ý H H kž /Ž . Ž .B 0, 2 nrk B zqy , 1r6 kzgZ k
F CV w , Rn .Ž .
 4 1, nŽ n.It easily follows that the sequence c )w is bounded in W R . Sincek
1, nŽ n.n ) 1, we may use reflexivity on W R to conclude that w, as the weak
1, nŽ n.limit of the sequence, belongs to W R . Returning to the general case,
1, nŽ .we notice that it is enough to prove that wh belongs to W V for any
smooth function h with a compact support in V. Using zero extension and
the previous step we are done.
Ž . nŽ .THEOREM 3.3 Differentiability a.e. . Let w g BV V . Then w is dif-
nŽ n.ferentiable almost e¤erywhere and w9 g L V; R .
Proof. Choose a nonnegative real upper semicontinuous function g on
V such that
g F lipn w , ? .Ž .
 4 Ž .for any x g g ) 0 we find an integer k s k x such that
2 k F g x - 2 kq1Ž .
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Ž . Ž .and a radius r s r x g 0, 1 such that
B x , 5r ; g - 2 kq1 3.2 4Ž . Ž .
and
n
k n n2 r F g x r - 2 osc w . 3.3Ž . Ž .ž /
Ž .B x , r
We use Theorem 2.1 to find a disjoint system
B x , r ; B x , r x 4 4Ž . Ž .Ž .i i
such that
 4g ) 0 ; B x , 5r .Ž .D i i
i
Write
I s i : k x G k , 4Ž .k i
E s 2 k F g - 2 kq1 . 4k
Ž . Ž .By 3.2 and 3.3 ,
L n E F L n B x , 5r F C r nŽ . Ž .Ž .Ý Ýk i i i
igI igIk k
n
ykŽ x .iF C 2 osc w .Ý ž /
Ž .B x , ri iigIk
Hence
‘
g dy F g dyÝH H
V Ekksy‘
‘
kq1 nF 2 L EŽ .Ý k
ksy‘
‘ n
kq1ykŽ x .iF C 2 osc wÝ Ý ž /
Ž .B x , ri iksy‘ igIk
n
kq1ykŽ x .is C 2 osc wÝ Ý ž /
Ž .B x , ri ii Ž .kFk x i
n
s 4C osc w F CV w , V .Ž .Ý nž /
Ž .B x , ri ii
It follows that
lipn w , x dx s sup g dx : g is u.s.c. 0 F g F lipn w , xŽ . Ž .H H½ 5
V V
F CV w , V .Ž .n
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Ž .In particular, lip w, x - ‘ for a.e. x g V. By the Rademacher]Stepanov
Ž w x w x.theorem see 7 , Th. 3.1.9; a new short proof is given in 18 , w is
< < Ž .differentiable a.e. in V and since obviously w9 F lip w, ? , we have also
nŽ n.w9 g L V; R .
Now we present a theorem on change of variables.
Ž .THEOREM 3.4 Change of Variables . Let w be an n-absolutely continu-
ous function on V with ¤alues in Rd, d G n. Let E be a measurable subset of
< < 1Ž .V and u be a measurable function on E such that u Jw g L E . Then
nu x Jw x dx s u x d H y . 3.4Ž . Ž . Ž . Ž . Ž .ÝH H
Ž .E w E  Ž . 4xgE : w x sy
 4Proof. First we notice that there is a sequence w of Lipschitz map-j
pings of Rn to Rd such that
L n V _ x g V : w x s w x and wX x s w9 x s 0.Ž . Ž . Ž . Ž . 4D j jž /
j
Indeed, recall that by Theorem 3.3, each n-absolutely continuous function
w x w xis a.e. differentiable. Thus we may refer to 7 , Th. 3.1.8, or 27 , Sec. 5.2.4.
1, nŽ .Alternatively, any n-absolutely continuous function belongs to W Vloc
Ž .for n G 2 by Theorem 3.2, for n s 1 it is well known . Thus we may refer
w x w x Ž .to 8 , Th. 3.1.8, or again to 27 , Sec. 5.2.4. Since 3.4 holds for Lipschitz
Žw x w x . nŽ .mappings 6 , 3.3.3, 7 , Th. 3.2.3 , it is enough to assume that L E s 0.
Choose « ) 0 and find d ) 0 as in the definition of n-absolute continuity.
nŽ .Let G ; V be an open set containing E with L G - d . For each x g E
Ž .there is r x ) 0 such that
«
B x , r x ; G and osc w F . 3.5Ž . Ž .Ž .
10Ž Ž ..B x , r x
Write
r x s osc w .Ž .
Ž Ž ..B x , r x
We use Theorem 2.1 in Rd and find a disjoint system
B w x , r x ; B w x , r x : x g E 4 4Ž . Ž . Ž . Ž .Ž .Ž .d i i di
such that
m
w E ; B w x , 5r x .Ž . Ž . Ž .Ž .D i i
is1
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Ž Ž Ž ... Ž Ž . Ž .. Ž Ž ..Since w B x , r x ; B w x , r x , the balls B x , r x are disjointi i d i i i i
Ž .and using 3.5 we have
n
n nH w E F C r F C osc w F C« .Ž .Ž . Ý Ý« i ž /
Ž Ž ..B x , r xi ii i
Letting « “ 0 we obtain
H n w E s 0Ž .Ž .
as required.
As a consequence we obtain formula on change of variables via degree
Ž .for which we use the following notation: m w, G, y is the degree of w at y
with respect to G.
COROLLARY 3.5. Let w : V “ Rn be n-absolutely continuous and G ;;
nŽ Ž ..V be an open set. Suppose that L w › G s 0. Let ¤ be a real measurable
function on Rn. Then
¤ w x Jw x dx s ¤ y m w , G, y dyŽ . Ž . Ž . Ž .Ž .H H
nG R
pro¤ided the integral on the left exists.
w xProof. It follows from Theorem 3.4, Theorem 3.3 and 27 , Sec. 5.3.3,
w xTh. 6, that w verifies the condition of 27 , Sec. 5.3.6, Th. 2.
Now we prove a theorem on change of variables via coarea formula.
Ž .THEOREM 3.6 Coarea Formula . Suppose that d - n. Let w g
n Ž d.BV V; R and u be a measurable function on a measurable set E ; Vloc
< < 1Ž .such that u J w g L E . Thend
nydu x J w x dx s u x d H x dy. 3.6Ž . Ž . Ž . Ž . Ž .H H Hd ž /d y1 4E R Elw y
Proof. As in the proof of Theorem 3.4 we notice that there is a
sequence w of Lipschitz mappings of Rn to Rd such thatj
L n V _ x : w x s w x and wX x s wX x s 0,Ž . Ž . Ž . Ž . 4D j jž /
j
Ž . Ž w x w x .Since 3.6 holds for Lipschitz mappings see 6 , 3.4.3, or 7 , Th. 3.2.12 , it
nŽ .is enough to assume that L E s 0. Choose d ) 0. Let G be an open set
nŽ . Ž Ž ..containing E with L G - d . For each x g E we find a ball B x, r x
such that
d




r x s osc w .Ž .
Ž Ž ..B x , r x
Ž .We use the Besicovitch theorem Theorem 2.2 to find sets A , . . . , A ; E1 N
such that
N
E ; B x , r xŽ .Ž .D D
is1 xgAi
and for each i s 1, . . . , N the system
B x , r x : x g A 4Ž .Ž . i
is disjoint. Then for any y g Rn we have
nyd y1  4H E l w yŽ .Ž .d
N
nydF C r x : x g A , y g w B x , r xŽ . Ž .Ž . Ž .Ž . 4Ý Ý i
is1
Thus
nyd y1 4H E l w y dyŽ .H d
dR
N
nyd dF C r x L w B x , r xŽ . Ž .Ž . Ž .Ž .Ž .Ý Ý
is1 xgAi
N dnydF C r x osc wŽ .Ž .Ý Ý ž /
Ž Ž ..B x , r xis1 xgAi
drnŽ .nyd rnN nnF C r x osc wŽ .Ž .Ý Ý Ý ž /ž / ž /Ž Ž ..B x , r xis1 xgA xgAi i
drnŽnyd.r nF Cd V w , VŽ .n
Letting d “ 0 we obtain
nyd y1 4H E l w y dy s 0,Ž .H
dR
which concludes the proof.
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4. APPLICATIONS
4.1. W 1, p-mappings
In this subsection we show that W 1, p-mappings are n-absolutely contin-
uous if p ) n. As a consequence we obtain well known results about
continuity, differentiability a.e. and change of variables.
Ž 1, p . nŽ .THEOREM 4.1 W Condition . Suppose that L V - ‘. Let w g
1, pŽ . Ž .W V with p ) n. Then w ¤erifies the condition RR . Consequently, it
nŽ .belongs to AC V .
nŽ .Proof. Holder's inequality shows that w g L V . By the imbeddingÈ
theorem,
1rp
p1yn r p < <osc w F Cr =w dyHž /Ž . Ž .B x , r B x , r
Ž .for any ball B x, r ;; V. Using Young's inequality we obtain
nrpn
pnŽ1yn r p. < <osc w F Cr =w dyHž / ž /Ž . Ž .B x , r B x , r
n < < pF C r q =w dyHž /Ž .B x , r
< < pF C 1 q =w dy.Ž .H
Ž .B x , r
Ž . Ž < < p.Hence w verifies the condition RR with f s C 1 q =w .
Ž .Remark 4.2. Theorem 4.1 is simple, but not very sharp. In a subse-
w xquent paper 15 we prove that any function with weak derivative in the
n, 1Ž . Ž .Lorentz space L V verifies the condition RR and thus belongs to
nŽ .AC V . This result is optimal in the Lorentz scale of spaces. As a
w xconsequence we obtain an alternative proof of Stein's result 32 , see
w x n, 1Ž .also 33 , VI.7.10, that functions with derivatives in L V are differenti-
able a.e.
4.2. Pseudomonotone Mappings
In this subsection we show that spherically pseudomonotone mappings
in W 1, n are n-absolutely continuous. Again, as a consequence we ob-
tain known results about continuity, differentiability a.e. and change of
variables.
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We say that a mapping w : V “ Rd is spherically pseudomonotone
if there is a constant C such that for every x g V and every r gm
Ž Ž n ..0, dist x, R _ V we have
osc w F C osc w . 4.1Ž .m
Ž . Ž .B x , r › B x , r
A limiting case of spherically pseudomonotone mappings are spherically
monotone mappings with C s 1.m
Ž . 1, nŽ .THEOREM 4.3 Monotonicity Condition . Let w g W V be continu-loc
ous and spherically pseudomonotone. Then w ¤erifies locally the condition
Ž .RR . Consequently, it is locally n-absolutely continuous on V.
Proof. Suppose that V9 is an open ball with center x and radius r ,0 0
Ž .such that B x , 2 r ; V. By the imbedding theorem on spheres,0 0
p
ppq1yn < <osc w F Cr =w dy 4.2Ž .Hž /
Ž . Ž .› B x , r › B x , r
Ž . ? Ž . 1, pŽ Ž ..whenever B x, r ; V, p ) n y 1 and w › B x, r g W › B x, r , cf.,
w x Ž .e.g., 9 , Th. 5.15. Fix p g n y 1, n . Define
< < p=w on B x , 2 r ,Ž .0 0g s ½ 0 outside B x , 2 r .Ž .0 0
Ž . Ž . Ž .Consider a ball B x, R ; V9. By 4.2 , for almost every r g R, 2 R we
have
p p
pnypy1 nypy1 p < <r osc w F r osc w F CC =w dy. 4.3Ž .Hmž / ž /
Ž . Ž . Ž .B x , R › B x , r › B x , r
Ž . Ž .Integrating both sides of 4.3 over r g R, 2 R we obtain
p
ppyn < <osc w F CR =u dy. 4.4Ž .Hž /
Ž . Ž .B x , R B x , 2 R
Ž .For each z g B x, R we have
< < p < < p n n=u dy F =u dy F 3 L B x , R Mg z , 4.5Ž . Ž . Ž .Ž .H H
Ž . Ž .B x , 2 R B z , 3 R
ABSOLUTELY CONTINUOUS FUNCTIONS 505
Ž .where M is the Hardy]Littlewood maximal operator. Using 4.4 , integrat-
Ž . Ž .ing 4.5 over z g B x, R and using Holder's inequality we obtainÈ
p
pynosc w F CR Mg z dzŽ .Hž /
Ž . Ž .B x , R B x , R
prn
nrpF C Mg z dz . 4.6Ž . Ž .Ž .Hž /Ž .B x , R
Ž w xSince by the Hardy]Littlewood maximal theorem see, e.g., 36 , Th. 2.8.2,
w x . Ž .n r p 1Ž .33 , I.3.13 , the weight f [ C Mg belongs to L V , raising both
Ž .sides of 4.6 to the power nrp and using Theorem 3.1 we obtain the
assertion.
4.3. Mappings with Finite Dilatation
In this subsection we present a short proof of the result by Gol'dstein
and Vodopyanov that W 1, n-mappings of finite dilatation are spherically
monotone. Taking into account Theorem 4.3, we get a new approach how
to show that the results of Section 3 apply to mappings of finite dilatation,
in particular to quasiregular mappings or W 1, n-mappings with Jw ) 0. We
say that a weakly differentiable mapping w : V “ Rn is a mapping of finite
 4dilatation if Jw ) 0 a.e. on the set =w / 0 .
Ž . 1, nŽ n.THEOREM 4.4 Gol'dstein]Vodopyanov . Let w g W V, R be aloc
mapping of finite dilatation. Then w has a representati¤e which is continuous
and spherically monotone.
Proof. Let V9 ;; V and R ) 0 be such that
V9 q B 0, R ;; V .Ž .
 4 Ž .Let x be a sequence of mollifying kernels with support in B 0, R suchj
that
‘
1 , n5 5x )w y w - ‘.Ý W ŽV9.j
js1
Define the representative of w as the pointwise limit of the sequence
 4x )w . In what follows we will use the symbol w for this representative.j
Ž .Let B s B x, r ;; V9 be such that
‘
1 , n5 5x )w y w - ‘.Ý W Ž› BŽ x , r ..j
js1
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? Ž . Ž . Ž .Then w › B x, r is the trace of w on › B x, r . Further, by 4.2 and easy
? Ž .passage to limits, w › B x, r is continuous and
n
n< <osc w F Cr =w dy.Hž /
Ž . Ž .› B x , r › B x , r
n Ž . ny1We prove that if H is a halfspace in R and w x g H for H a.e.
Ž .  n 4x g › B, then w B ; H. We may suppose that H s y g R : y G 0 .n
 Ž . 4Denote E s y g B : w y - 0 . Define a test mapping c byn
w , . . . , w , 0 on E,Ž .1 ny1c s ½ w outside E.
1, nŽ . Ž .Then c g W V . We find r 0 ) r 9 ) r such that B x, r 0 ; V andloc
assume that the support of the mollifying kernels x is contained inj
Ž . Ž .B 0, r 0 y r 9 l B 0, r 9 y r . Then x )w and x )c have the same tracesj j
Ž .on › B x, r 9 and thus
J x )w dy s J x )c dy.Ž . Ž .H Hj j
Ž . Ž .B x , r 9 B x , r 9
Passing to limit for j “ ‘ and using that Jc s 0 a.e. in E we obtain
Jw dy s Jc dy s Jw dy.H H H
Ž . Ž . Ž .B x , r 9 B x , r 9 B x , r 9 _E
Hence Jw s 0 a.e. in E and by the hypotheses, =w s 0 a.e. in E. It follows
Ž .that = w y c s 0 a.e. in B and thus w s c a.e. in B, in particular,n n
w G 0 a.e. in B. Since the representative of w was obtained as a limit ofn
the mollified sequence, it is immediate that w G 0 everywhere in B. Forn
Ž .fixed x and almost every r g 0, R we have proved that
n n1 1 n< <osc w F osc w F C =w dy. 4.7Ž .Hž / ž /r rŽ . Ž . Ž .B x , r › B x , r › B x , r
Ž .Integrating 4.7 over r we obtain that
n drR
osc w - ‘H ž / rŽ .B x , r0
Ž .so that w is continuous at each point x. Using continuity we also pass
Ž .from almost all radii to all radii and deduce that 4.1 holds for all balls
Ž .B x, r in V.
ABSOLUTELY CONTINUOUS FUNCTIONS 507
1, nŽ n.Remark 4.5. Recall that a mapping w g W V, R is called quasireg-loc
ular if there is a constant C G 1 such thatq
n
=w x F C Jw xŽ . Ž .q
for almost every x g V.
There are many ways how to show that quasiregular mappings are
locally n-absolutely continuous. It is known that any quasiregular mapping
1, pŽ .w is continuous, open, belongs to W V with p ) n and satisfiesloc
w x w xJw ) 0 a.e., see, e.g., Bojarski and Iwaniec 2 , Reshetnyak 29 , Rickman
w x30 . However, these facts are quite involved. Perhaps one of the most
direct proofs is to refer to Theorem 4.4, whose hypotheses are easily
verified even without knowing that Jw ) 0 a.e.
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